The possibility of branching processes for c1assical strings is investigated on the basis of the Nambu-Goto action. We parametrize the world sheet by aRiemann surface M and introduce a COO-smooth, degenerate metric ' rJ on M. Well-known results about the conformal group are generalized to the case of (M, 'rJ). We provide a rigorous, infinite dimensional Hamiltonian setting for processes that change the topology of astring. Finally, the c1assical background for the theory of quantum strings as developed by Krichever and Novikov in 1987 is discussed within this c1assical framework.
Introduction
Classical string dynamics based on variational principle~is a we11-established theory [1, 2] .
For closed strings one usua11yconsiders string motions that are described by differentiable maps X from IR x SI to IR d. The possibility of string splittings has been discussed in the context of cosmic strings [3, 4] whereas this aspect has not been investigated in detail for classical fundamental strings. In the latter case the simple underlying idea is to treat astring which self-intersects as consisting of two strings that obey their own dynamics [5] . A consequence of such a viewpoint are "light cone diagrams" and it has been shown by Giddings and Wolpert [6] that they provide a parametrization of the moduli space of compact Riemann surfaces. The problem of quantization1of such diagrams has been tackled successfu11yby Krichever and Novikov [7, 8] and various hspects of that theory (ca11edKN-theory) have been worked out since (cf. [9] [10] [11] [12] [13] ). Nevertheless, the physical and geometrie background on the classicallevel is still missing and we aim to fi11that gap.
The paper is organized as fo11ows:To fix notations, we reca11some basic facts about closed strings in chapter one and we give an explicit solution for general string motions that a110wsus to study the geometry of world sheets in a direct way. The general solution is modified in the second chapter to processes where one string splits into two strings. From the principle of least action we derive a local criterion whether the branching solution is preferred or not.
Chapter three deals with the symmetry of topological non-trivial string world sheets. It turns out that the symmetry is conveniently described by a geometrie structure on the "base manifold M" that parametrizes the world sheet: This structure consists of a Riemann surface M equipped with a smooth, degenerate semi-Riemannian metric Tl; those points Pe on M satisfying det( Tl (Pe )) = 0 correspond to branching points of the string motion. We then generalize results about conformal transformations of the manifold (IR x SI, -dr 2 +der 2 ) to the case of (M, Tl) . Specificly weishow that the conformal group is infinite dimensional and the associated conformal algebr~splits into two commu:ting parts.
A Hamiltonian description that a110wsus to cope with the varying string topology is developed in chapter four: The classical phase space P is substituted by a co11ection of spaces P = UTElR PT and astring motion is represented by a section s : IR -+ UTElR PT, i.e. s( r) E PT' In order to obtain a we11-definedmotion for a specific initial string state, one must choose the Riemann sUrface properly. In this way the moduli space of compaet Riemann surfaces appears natura11y in the Hamiltonian setting. Next we investigate conserved quantities Q~having their origin in the algebra of conformal vector fields~; these quantities defineJas usual) a realization of the conformal algebra on phase space. More-. over, we evaluate Poisson brackets of functions Q~with arbitrary fields~on M, using their "conformal extension "~e.
This method is applied to holomorphic vector fields in the last chapter: It results in a "local Wiek rotation" on the Riemann surface M and as a consequence the algebra of holomorphic vector fields on M is also represented on phase space (this is not obvious because the theory possesses no Euclidean conformal symmetry). The paper concludes with the classical foundations of KN-theory: They are described in a natural way within the formalism developed before.
Remarks on classical string dynamics
Let us consider a classical closed string in Minkowski space*l (IR 4, g = diag( -'-1,1,1, 1)). parameters. String dynamics can be defined by an action S which is proportional to the area of b. We choose the constant of proportionality equal minus one,
where haß -8 a X JL 8 ß XV gJLV -X,a X,ß (spacetime contractions will be suppressed) denotes the induced metric on 1:. The Euler-Lagrange equations 8a a~~o< = 0 are given by (2) where 
We will construct such a conformal fiat metric below (cf. [1] ' [14] ). A first step is to choose the T-parameter to be proportional to proper time
and 0-, R will be specified shortly; asusual we setXJL = a: 
we must define the a-parameter in such a way that (5) 
He~ce, applying the triangle inequality in IR 3 we obtain (using dJz0 'vo = 0 and I dJz0 I = 1): 
Modified string dynamics
From (6) show ddr !r=oJ; X (7,00 )da = lim"lo X (E, 0). Differentiating l::i.S(7) at 7 = 0 and collecting terms that comefrom (6) , (8) and (9) Remark: This dynamic is not invariant under time reversal: Suppose we have a splitting process at T = O. Then the time reversed motion is a process where two strings merge into one. However, the minimality criterion forces us to take also a splitting solution for T< 0, because at T = 0 only uo changes to -uo which has no effect on (10) .
From the last chapter we know that the situation is different when a point ero of the string reaches the velocity of light (at TO). If we express the equations of motion in the parameters (T, I) instead of (T, er) we find that the tangential part of the string acceleration becomes singular at X( ero, TO)' From this intrinsic point of view (in contrast to the variational viewpoint) it seems to be natural to consider string branchings at such points. Geometrically it means that two cusp curves intersect at the same time and examples can be constructed by hand, using the "special case" discussed in chapter 1. A splitting solution is given (as for IJ(ero, To)1 < 1) by equations (8,9). The main difference here is the fact that for both the classical as weIl as the splitting solution the equations of motion are not well-defined at the critical point because h( TO, ero) =0. Outside this point both solutions are well-defined, hence there is no natural preference of one of them. This is somewhat unsatisfyingbut similar (non unique) situations also arise in classical one dimensional mechanics*3. One might argue that DX = 0 is only valid in a distributional sense and that it is unnatural for astring to move with kinks*4. But even this argument against string branchings can be refuted because of 
x(t)=O), or to move away (x(t)=(~)3): Both motions obey x(t)=-~~(x(t».
*4 For cosmic strings there are good arguments for this viewpoint: Finite-width corrections to the Nambu action of Nielseri-Olesen strings. involve a curvature term which suppresses kinks, see [15] .
f.
Proof: The one':sided derivativesbr (8) are given bỹ~( In consequence, no kinks emerge from the intersection point and DX = 0 is obeyed in an ordinary sense. Notice that we have~S(O) = 0 (10), so the case with parallel light vectors is rather distinguished. So far we discussed splitting solutions of the form (8,9) but it is now obvious how to construct merging solutions of the same type. Now consider the history of n classical strings which do not interact at times T < Tl, i.e.
we have n ineoming strings. We restriet the discussion to the case of finitely many string btanchings that occur at times Tl, .. , Tk. The resulting configuration consists of m strings for T > Tk, i.e. m outgoing strings. In ref. [6] it has been shown that such a process (which was treated on the formal level of a diagram ) can be parametrized by aRiemann surface M. The position of the strings on 1\1 at a fixed moment of time TO is given by e ra -{q E MIT(q) = Re r dk = TO} , Jqa (11) where qo is some fixed reference point and dk is a unique meromorphic differential on a compact Riemann surface M ::JM that has simple poles at the points Pi, i = 1, .. , n and Qj, j = 1, ..,m and is holomorphic elsewhere (M =M\{P1, .. ,Pn,Q1, .. ,Qm}). At the Pi (corresponding to T = -00) dk has real positive residues whereas at the Qj (corresponding to T = +(0) there are only real negative residues. The critical points of the harmonie function T: M -t IR are given by the zeros of dk and these points coinCide with those Pe where the strings split or rejoin. We denote a critis:al value of T by Tc: Tc E {T1, .. , Tk}'
In conformal (T, 0" )-parameters dk has the simple form dk = dT + idO" (indeed, this is the definition of dk given in [6] ). The O"-parameter has the property to be defined modulo some
angle O"i along each string andO" may change discontinuously by some twist angle e iftwo (12) stri~gs merge. This behaviour is exactly described by (J = Im r q dk because dk has pure JqO imaginary periods. Summarizing, we end up with the following situation:
A parameter surface of the string world sheet can always be deseribed by a smooth submanifold M of a compact Riemann surfaee M together with a unique meromorphic differential dk on M; we call (M, dk) base manifold. If a point qo E Mis not a critieal point then the parameters u = T + i(J = Jo dk define a loeal holomorphic chart around qo. A erueial öbservation is that these charts eonsist of conformal parameters for the string world sheet.
Conformal symmetry
The natural geometrie structure on a base manifold (M, dk) associated to a specific string motion X : M ---t IR 4 is given by the pullbaek X* g =: h of the metrie g in Minkowski spaee. Notice that the definition of Tl is independent of the specialstring process under considerationbut it fits weIl into t~e picttii~of str'ing motion inthe case X 2 (pc) =0 because then the induced metric h = _X 2 . Tl vanishes in (T, 0-)-coordinates in the limit P ---+ Pe.
Definition:
The (T, 0-) ,-parameters e = eoor + eO( T E AM has to obey the "pseudo" Cauchy-Riemann equations (13) The general solution of (13) The result would be a veetor field on M which at certain points along the strings behaves like a step funetion and which is smooth outside these points. Such a veetor field does not generate a diffeomorphism of M. This is the geometrical reason why the Virasoro generators e;t = e in17 + 8 17 +IC r (for C r~5 1) do not define conformal transformations on the base manifolds M pietured in fig.2 . Nevertheless we can expand the restriction of a smooth conformal veetor field e+ for T < Tl in aseries e+lc r = .2::ane in17 + 817+Icr' The parallel translation of the flelds e inl7 +8 17 +lc r provides an expansion e+(a+)817+ = 2::aneinl7+817+ on M where the fields e;t = e in17 + 8 17 + are discontinuous on Cr for values T > Tl' Unfortunately several difficulties with Poisson brackets arise if we use such discontinuous veetor fields in the Hamiltonian treatment of string dynamics. This will be explained in the next chapter.
Hamiltonian description and conserved charges
Due to Noether's theorem for each conformal veetor field e a conserved quantity (called charge) is associated: (14) where T denotes the canonicale.=:ergy moment um tensor 
Il=O
The canonical weak sympleetic form w : T P x T P --+ IR is defined by
W(x,I1)((a,ß);("y,o))
:=< all,oll >£2 -< ill,ßIl >£2 (15) with (a,ß),
Because w IS only a weak 
r;r: (X(O),II(O)) --+ (X(r),II(.r))
This map has a unique continuous extension cI>r : P --+ P, which gives the Hamiltonian £lowof XH on P. In thisway strings with kinks can naturally be described in the Hamiltonian setting.
We express the conserved quantity (14) in phase space variables. Qe : P --+ IR is given by (16) Of course Qe is also well-defined if we plug piecewise continuous functions~o and e into (16) . Then Qe is a COO-smooth function on P and its Frechet derivative is given by 
(O'.,ß) E T(x,IT)P. (17)
Notice that the domain of XQe coincides with those of XH = (Il, X").
Remark: As mentioned in the last chapter we are also interested in the case where~o and estern from discontinuous vector fields~=~+ ICr +~-ICr with CT = {T} X 51. is to take thecollection of spaces
(the integration measure is defined by the conformal parameter a-). In the case of critical curves CTc we compactify the different components of c; Tc in such a way that the resulting space is isomorphie to C Tc + f ' where € has to be sufficiently small. In fig.2 , for example, one gets two copies of 51 for the compactification of c; Tc which we also denote by CTc' Now all CT are smooth compact manifolds (not submanifolds of M for Te) SO one avoids the discussion of boundary values at Pe and instead gets the not ion of differentiability along CTc which is necessary to 
. However these restrictions are not of physical nature: 1£the transition conditions fail for a given initial state it means that our choice (M, dk) is not appropriate for the resulting string motion. The choice M = IR X 51 fits weIl for any initial state but from chapter 2 follows that there are also different possible choices in general. It is at this point that we have to consider the totality (or at least a subset ) of compact Riemann surfaces, i.e. moduli space, in order to get a well-defined Hamiltonian description for arbitrary string motions. We carried out this formal construction to adhere as elose as possible at the usual Hamiltonian treatment which deals with integral curves in a fixed phase space. Notice that
and Wo is given by (15) , hence our description reduces to the usual one for M = IR X SI. Now we study the algebra of conserved charges: (23) -7 £(Cr)
The classical background of KN-theory
In this chapter we r,estrict the discussion to the case of one incoming and one outgoing string because we will need two analytical theorems that are available in this case (expansions (24) and (25) below, for generalizations see [9] 
vanishes at pe the restriction r r (e)(p) converges to zero for p -7 Pe and consequently at most those fields V rc on C rc can be expanded that obey VrJPe) = O. There are two major advantages in dealing with Len and Lern instead of Qe.z: 1. The algebraie strueture of {L en } is related (by eomplex eonjugation) to the strueture of {Lern}' Sueh a property does not hold for eonformal veetor £leIds e::i: Generally there is no eanonieal map whieh assigns e+ -£leIds to e--£leIds beeause the eonditions e::i(-Y1=) = const. are totally different.
2. For any Riemann surfaee M the algebra £( M) is generalized graded and different representations (foreentral extensions of £(M)) are available in that ease [7, 10] . An analogous grading for the algebra AM is not obvious.
With these eonsiderations we.eonclude our treatment of the classieal theory. It follows from the Poisson strueture and the Hamiltonian for.mulation that this description is direetly related to KN-theory.
Concluding remarks
The deseription of string dynamies given here improves the physieal understanding in the following sense: First, it showes how branehing proeesses emerge naturally from a geometrie point of view. Seeond, it makes transparent the relation between the eonformal symmetry of a topologieal non-trivial string world sheet and the holomorphie struetures on the assoeiated Riemann surfaee. This treatment differs from that one where the "Euclidean version" of string theory is eonsidered (cf. [12] ): In the latter 'case one has a eonformal symmetry with respeet to an Euclidean metrie 8 on M that loeally reads 8(z) = e l 4>(z)ldzdz.
Th~corresponding conserved eharges L en represent (as eOxpeeted)the Euclidean conformal symmetry on phase space.
In our description not only the conformal symmetry of (M, ry) is realized by the Q~:
Also the symmetry of (M, 8) is represented via "charges" Len; the conneetion between these two structures is exploited by the theory of Krichever and Novikov.
